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AUTOMORPHISMS OF PURE BRAID GROUPS
VALERIY G. BARDAKOV, MIKHAIL V. NESHCHADIM, AND MAHENDER SINGH
Abstract. In this paper, we investigate the structure of the automorphism groups
of pure braid groups. We prove that, for n > 3, Aut(Pn) is generated by the
subgroup Autc(Pn) of central automorphisms of Pn, the subgroup Aut(Bn) of re-
strictions of automorphisms of Bn on Pn and one extra automorphism wn. We
also investigate the lifting and extension problem for automorphisms of some well-
known exact sequences arising from braid groups, and prove that that answers are
negative in most cases. Specifically, we prove that no non-trivial central automor-
phism of Pn can be extended to an automorphism of Bn.
1. Introduction
Let Bn be the Artin braid group on n-strings, and {σ1, . . . , σn−1} the set of stan-
dard generators of Bn. In [1], Artin mentioned the problem of determining all auto-
morphisms of the braid groups. Subsequently, in [2], he determined all representations
of Bn by transitive permutation groups in n letters. Since then the subject has at-
tracted a lot of attention. In [6], Dyer and Grossman completely determined the
automorphism groups of braid groups. More precisely, they proved that
Aut(Bn) ∼= Inn(Bn)⋊ Z2,
where Inn(Bn) ∼= Bn/Z(Bn) is the group of inner automorphisms and Z2 = 〈τ〉 with
τ(σi) = σ
−1
i for all 1 ≤ i ≤ n− 1.
The pure braid group Pn is the kernel of the natural homomorphism Bn → Sn,
from the braid group to the symmetric group. Once the structure of Aut(Bn) is
revealed, it is natural to investigate the structure of Aut(Pn). It is well known that
Pn ∼= Z(Pn) × Pn, where Pn = Pn/Z(Pn). Using this decomposition, Bell and
Margalit [3, Theorem 8] proved that, for n ≥ 4,
Aut(Pn) ∼= Autc(Pn)⋊Aut(Pn),
where Aut(Pn) ∼= Mod(Sn+1). Here Autc(Pn) is the group of central automorphisms
of Pn and Mod(Sn+1) is the extended mapping class group of the 2-sphere with n+1
punctures. Hence Aut(Pn) ∼= Autc(Pn)⋊Mod(Sn+1) for n ≥ 4. This result was used
by Cohen [5] to give an explicit presentation of the automorphism group Aut(Pn) for
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n ≥ 3. Notice that from this point of view the result of Dyer and Grossman has the
form
Aut(Bn) ∼= Mod(Dn),
where Dn is the disc with n punctures.
Since the group of pure braids Pn is the direct product of the center Z(Pn) and
the group Pn, it is not difficult to determine the group of central automorphisms
Autc(Pn). On the other hand, Pn is a characteristic subgroup of Bn, and hence each
automorphism of Bn induces an automorphism of Pn. This leads to the following
question:
Question 1. Is Aut(Pn) generated by Autc(Pn) and Aut(Bn)?
After recalling some preliminary results in Section 2, we answer the preceding
question in Sections 3 and 4 of the paper. The answer is evidently affirmative for
n = 2, and we prove that it is so for n = 3 as well (Proposition 4.7). For n > 3, we
prove that Aut(Pn) is generated by Autc(Pn), Aut(Bn) and one extra automorphism
wn (Theorem 3.6).
The last two sections of the paper are dedicated to the lifting and extension of
automorphisms in certain short exact sequences arising from braid groups. A general
formulation is the following:
Question 2. Let 1→ K → G→ H → 1 be a short exact sequence of groups. Given
φ ∈ Aut(H), does there exists an automorphism of G which induces φ? Analogously,
given ψ ∈ Aut(K), does there exists an automorphism of G whose restriction to K is
ψ?
For finite groups, this problem has been investigated in [7, 10, 11] using cohomo-
logical methods and the fundamental exact sequence of Wells [12]. In Section 5, we
prove that the answers to both the questions are negative (Theorems 5.1 and 5.6) for
the extension 1 → U4 → P4 → P3 → 1. Finally, in Section 6, we consider the exten-
sion 1 → Pn → Bn → Sn → 1. We prove that the non-inner automorphism of S6
cannot be lifted to an automorphism of B6 (Proposition 6.2), and that no non-trivial
element of Autc(Pn) can be extended to an automorphism of Bn (Theorem 6.6).
2. Preliminary results
We use the standard notations. Given two elements x, y of a group G, we write
yx = x−1yx and [x, y] = x−1y−1xy. Further, for z ∈ G, zˆ denotes the inner auto-
morphism of G induced by z. An automorphism of a group G is called central if it
induces identity automorphism on the central quotient. The subgroup of all central
automorphisms of G is denoted by Autc(G).
Next we recall some basic facts on braid groups and refer the reader to [4, 9] for
more details. The braid group Bn, n ≥ 2, on n-strings is generated by the set
{σ1, σ2, . . . , σn−1},
and is defined by relations
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σiσj = σjσi for |i− j| > 1,
σiσi+1σi = σi+1σiσi+1 for i = 1, 2, . . . , n− 2.
Note that B1 is defined as the trivial group and B2 turns out to be the infinite
cyclic group. The subgroup of Bn generated by the elements
Ai,j = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1 where 1 ≤ i < j ≤ n,
is called the pure braid group, and denoted by Pn. Further, Pn is defined by the
relations
Ai,kAijAk,j = Ak,jAi,kAij ,
Al,jAk,lAk,j = Ak,jAl,jAk,l for l < j,
(Ak,lAk,jA
−1
k,l )Ai,l = Ai,l(Ak,lAk,jA
−1
k,l ) for i < k < l < j,
Ak,jAi,l = Ai,lAkj for k < i < l < j or l < k.
It is readily seen that P1 is the trivial group, P2 ∼= Z, and P3 ∼= F2×Z. In general, Pn
is characteristic in Bn, and the quotient Bn/Pn is the symmetric group Sn. Further,
the generators of Bn act on the generators Ai,j ∈ Pn by the following rules:
σ−εk Ai,jσ
ε
k = Ai,j for k 6= i− 1, i, j − 1, j,
σ−εi Ai,i+1σ
ε
i = Ai,i+1,
σ−1i−1Ai,jσi−1 = Ai−1,j ,
σi−1Ai,jσ
−1
i−1 = A
−1
i,j Ai−1,jAij ,
σ−1i Ai,jσi = Ai+1,j [A
−1
i,i+1, A
−1
i,j ] for j 6= i+ 1,
σiAi,jσ
−1
i = Ai+1,j for j 6= i+ 1,
σ−1j−1Ai,jσj−1 = Ai,j−1,
σj−1Ai,jσ
−1
j−1 = Ai,j−1
[
A−1ij , A
−1
j−1,j
]
,
σ−1j Ai,jσj = Ai,jAi,j+1A
−1
i,j ,
σjAi,jσ
−1
j = Ai,j+1 for 1 ≤ i < j 6= n− 1,
where ε = ±1.
For each i = 2, . . . , n, consider the following subgroup
Ui = 〈A1,i, A2,i, . . . , Ai−1,i〉,
of Pn. It is known that each Ui is a free subgroup of rank i− 1. One can rewrite the
relations of Pn as the following conjugation rules (for ε = ±1):
A−εi,kAk,jA
ε
i,k = (Ai,jAk,j)
εAk,j(Ai,jAk,j)
−ε,
A−εk,lAk,jA
ε
k,l = (Ak,jAl,j)
εAk,j(Ak,jAl,j)
−ε for l < j,
A−εi,l Ak,jA
ε
i,l = [A
−ε
i,j , A
−ε
l,j ]
εAk,j[A
−ε
i,j , A
−ε
l,j ]
−ε for i < k < l,
A−εi,l Ak,jA
ε
i,l = Ak,j for k < i < l < j or l < k.
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It follows from these rules that Un is normal in Pn, and Pn has the decomposition
Pn = Un ⋊ Pn−1. This gives rise to the split extension
1→ Un → Pn → Pn−1 → 1.
By induction on n, it follows that Pn is the semi-direct products of free groups as
follows
Pn ∼= Un ⋊ (Un−1 ⋊ (· · · ⋊ (U3 ⋊ U2) · · · )).
It is known that, for n ≥ 2, the center Z(Pn) = 〈zn〉 is infinite cyclic generated by
the full twist braid
zn = A1,2(A1,3A2,3) · · · (A1,n · · ·An−1,n).
It follows that Pn ∼= Z(Pn)× Pn, where Pn = Pn/Z(Pn) (see [4]). More precisely,
Pn ∼= Z(Pn)× 〈A1,3, A2,3, . . . , A1,n, . . . , An−1,n〉,
Using this decomposition, Bell and Margalit [3, Theorem 8] proved the following
result.
Theorem 2.1. Aut(Pn) ∼= Autc(Pn)⋊Aut(P n) for n ≥ 4.
Next, we recall a presentation for Aut(Pn) from Cohen [5]. The subgroup of central
automorphisms Autc(Pn) consists of automorphisms of the form
Ai,j 7→ Ai,jz
tij
n ,
where tij ∈ Z and
∑
tij = 0 or -2. We have zn 7→ zn in the former case, and zn 7→ z
−1
n
in the latter case. This gives a surjection
Autc(Pn)→ Z2
with kernel consisting of automorphisms for which
∑
tij = 0. Since Pn has
(
n
2
)
generators, this kernel is free abelian of rank N , where N =
(
n
2
)
− 1. Further, the
choice t12 = −2 and all other tij = 0 gives a splitting Z2 → Autc(Pn), and hence
Autc(Pn) ∼= Z
N
⋊ Z2.
As in [5, Equation (11)], we note that this group is generated by the automorphisms
ψ, φi,j : Pn → Pn, 1 ≤ i < j ≤ n, {i, j} 6= {1, 2}, where
ψ : Ap,q 7→
{
A1,2z
−2
n for p = 1, q = 2
Ap,q otherwise
and
φi,j : Ap,q 7→


A1,2zn for p = 1, q = 2
Ai,jz
−1
n for p = i, q = j
Ap,q otherwise.
It can be easily checked that ψ2 = 1 and ψφi,jψ = φ
−1
i,j .
Let Sn+1 denote the 2-sphere with n + 1 punctures, and Mod(Sn+1) its extended
mapping class group. For n ≥ 1, Mod(Sn+1) has a presentation with generators
{ω1, . . . , ωn, ε} and relations
AUTOMORPHISMS OF PURE BRAID GROUPS 5
(2.1)
ωiωj = ωjωi for |i− j| > 1,
ωiωi+1ωi = ωi+1ωiωi+1,
ω1 · · ·ωn−1ω
2
nωn−1 · · ·ω1 = 1,
(ω1ω2 · · ·ωn)
n+1 = 1,
(εωi)
2 = 1, and ε2 = 1.
We refer the reader to [4, Theorem 4.5] for details. By Bell and Margalit [3],
Mod(Sn+1) ∼= Aut(P n) and can be viewed as a subgroup of Aut(Pn). Further, the
generators ω1, ω2, . . . , ωn, ε act as automorphisms of Pn in the following manner [5,
Equation (12)]:
ωk : Ai,j 7→


Ai−1,j if k = i− 1
A
Ai,i+1
i+1,j if k = i < j − 1
Ai,j−1 if k = j − 1 > i
A
Aj,j+1
i,j+1 if k = j
Ai,j otherwise,
for 1 ≤ k ≤ n− 1 and k 6= 2;
ω2 : Ai,j 7→


A
A2,3
1,3 zn if i = 1, j = 2
A1,2z
−1
n if i = 1, j = 3
A
A2,3
3,j if i = 2, j ≥ 4
A2,j if i = 3
Ai,j otherwise,
ωn : Ai,j 7→


Ai,j if j 6= n
(A1,nA1,2A1,3 · · ·A1,n−1)
−1zn if i = 1, j = n
(A2,nA1,2A2,3 · · ·A2,n−1)
−1zn if i = 2, j = n
(Ai,nA1,i · · ·Ai−1,iAi,i+1 · · ·Ai,n−1)
−1 if 3 ≤ i, j = n,
and
ε : Ai,j 7→
{
A−11,2z
2
n if i = 1, j = 2
(Ai+1,j · · ·Aj−1,j)
−1A−1i,j (Ai+1,j · · ·Aj−1,j) otherwise.
3. Automorphism group of Pn for n ≥ 4
As we noted in the introduction Aut(Bn) = 〈Inn(Bn), τ〉, and each automorphism
of Bn induces an automorphism of Pn. Let t = τ |Pn and si = σˆi|Pn for all 1 ≤ i ≤ n−1,
where σˆi is the inner automorphism of Bn induced by σi.
Lemma 3.1. The automorphism τ induces the automorphism t of Pn which acts on
the generators by the rule
t(Ai,j) = (Ai,jAi+1,j . . . Aj−1,j)
−1A−1i,j (Ai,jAi+1,j . . . Aj−1,j)
for all 1 ≤ i < j ≤ n.
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Proof. We use induction on n. Notice that it suffices to prove the equality
t(A1,n) = (A1,nA2,n . . . An−1,n)
−1A−11,n(A1,nA2,n . . . An−1,n).
For n = 3 we have
t(A1,3) = (σ2σ
2
1σ
−1
2 )
τ
= σ−12 σ
−2
1 σ2
= σ−22 σ2σ
−2
1 σ
−1
2 σ
2
2
= A−12,3A
−1
1,3A2,3
= (A1,3A2,3)
−1A−11,3(A1,3A2,3).
Suppose that the formula holds for n. Then
t(A1,n+1) = t(σnA1,nσ
−1
n )
= σ−1n A
τ
1,nσn
= σ−1n (A1,nA2n . . . An−1,n)
−1A−11,n(A1,nA2,n . . . An−1,n)σn
= σ−2n σn(A1,nA2,n . . . An−1,n)
−1A−11,n(A1nA2,n . . . An−1,n)σ
−1
n σ
2
n
(using the formula of conjugation σnAi,nσ
−1
n = Ai,n+1)
= A−1n,n+1(A1,n+1A2,n+1 . . . An−1,n+1)
−1A−11,n+1(A1,n+1A2,n+1 . . . An−1,n+1)An,n+1
= (A1,n+1A2,n+1 . . . An,n+1)
−1A−11,n+1(A1,n+1A2,n+1 . . . An,n+1).
This proves the lemma. 
An immediate consequence is the following.
Corollary 3.2. The following equalities hold
tε(A1,2) = A1,2z
−2
n and tε(Ai,j) = Aij , 1 ≤ i < j ≤ n, {i, j} 6= {1, 2} ,
i.e. tε = ψ.
It is not difficult to see that the restriction homomorphism Aut(Bn) → Aut(Pn)
is an embedding, enabling us to view Aut(Bn) as a subgroup of Aut(Pn). Now, to
determine Aut(Pn), introduce the following automorphism of Pn:
wn : Ai,j 7→


Ai,j if j 6= n
(A1,nA1,2A1,3 · · ·A1,n−1)
−1 if i = 1, j = n
(A2,nA1,2A2,3 · · ·A2,n−1)
−1 if i = 2, j = n
(Ai,nA1,i · · ·Ai−1,iAi,i+1 · · ·Ai,n−1)
−1 if 3 ≤ i, j = n,
Since the maps ωn and wn differ by a central automorphism, it follows that wn
also is an automorphism of the group Pn.
Lemma 3.3. The automorphism wn does not lie in the subgroup 〈Autc(Pn),Aut(Bn)〉
for n ≥ 4.
Proof. The automorphism wn induces an automorphism wn of the abelianisation
Pn/P
′
n. We prove that wn does not lies in the image of 〈Autc(Pn),Aut(Bn)〉 into
Aut(Pn/P
′
n). Indeed, since Aut(Bn) = 〈Inn(Bn), τ〉, the actions of elements of
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Aut(Bn) on the quotient Pn/P
′
n are compositions of inversion of Aij and permu-
tations of these elements. Hence, it is enough to show that, in the quotient Pn/P
′
n,
the set consisting of
Ai,j, 1 ≤ i < j ≤ n− 1,
(A1,nA1,2A1,3 . . . A1,n−1)
−1,
(A2,nA1,2A2,3 . . . A2,n−1)
−1,
(Ai,nA1,i . . . Ai−1,iAi,i+1 . . . Ai,n−1)
−1, i ≥ 3,
cannot be obtained from the set
Ai,j, 1 ≤ i < j ≤ n
using composition of the maps
Ai,j 7→ A
αij
k,l z
βij
n ,
where αij = ±1, βij ∈ Z, {i, j} 7→ {k, l} is the permutation of pairs of indexes {i, j},
1 ≤ i < j ≤ n. Note that in this case zn 7→ z
±1
n . Let us take
wn(A1,n) = (A1,nA1,2A1,3 . . . A1,n−1)
−1.
If the transformation wn modulo P
′
n is a composition of maps of the specified type,
then the word
(A1,nA1,2A1,3 . . . A1,n−1)
−1zβn
with a suitable β ∈ Z has the form A±1k,l , but it is not true. Hence wn does not lie in
〈Autc(Pn),Aut(Bn)〉. 
Corollary 3.4. The subgroup 〈Autc(Pn), Aut(Bn)〉 is not normal in the group Aut(Pn)
for n ≥ 4.
Proof. Set Hn = 〈Autc(Pn), Aut(Bn)〉, and suppose that Hn is normal in Aut(Pn).
Then the automorphism wn induces an automorphism of Aut(Bn) ∼= Hn/Autc(Pn).
By [6, Theorem 22], the group Aut(Bn) is complete for n ≥ 4, i.e. has trivial center
and only inner automorphisms. Since Aut(Bn) = 〈Inn(Bn), τ〉, Aut(Bn)/ Inn(Bn) ∼=
Z2 and wn 6∈ Hn by Lemma 3.3, it follows that the product wnt must lies in the
subgroup generated by inner automorphism group Inn(Bn) and central automorphism
group Autc(Pn), which is a contradiction. Hence Hn is not normal in Aut(Pn) for
n ≥ 4. 
Let Gn be the subgroup of Aut(Pn) consisting of those automorphisms which are
restrictions of automorphisms of Bn and the automorphism wn, i.e.
Gn = 〈t, s1, . . . , sn−1, wn〉.
Lemma 3.5. The automorphisms ω1, ω2, . . . , ωn, ε lie in 〈Autc(Pn), Gn〉.
Proof. It follows that ωk(zn) = zn for all 1 ≤ k ≤ n, and ε(zn) = zn. As noted
by Cohen [5], for 1 ≤ k ≤ n − 1 and k 6= 2, the automorphism ωk is given by the
conjugation action of the braid σk on the pure braid group. More precisely, ωk(Ai,j) =
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Aσki,j = σ
−1
k Ai,jσk. On the other hand, ω2 is the composite of the conjugation action
of σ2 and the automorphism φ1,3 given by
φ1,3 : Ai,j 7→


A1,2zn if i = 1, j = 2
A1,3z
−1
n if i = 1, j = 3
Ai,j otherwise.
The automorphism ωn is the product of wn and some central automorphism. Finally,
the automorphism ε is the product of t and some central automorphism. 
We now prove the main result of this section.
Theorem 3.6. Aut(Pn) ∼= Autc(Pn)⋊Gn for n ≥ 4.
Proof. Obviously, Autc(Pn) ⋊Gn ≤ Aut(Pn). By Bell and Margalit [3, Theorem 8],
Aut(Pn) ∼= Autc(Pn)⋊Mod(Sn+1) for n ≥ 4. Recall that, Mod(Sn+1) = 〈ω1, . . . , ωn, ε〉.
The proof of the theorem is now complete by Lemma 3.5. 
We conclude this section with an explicit presentation of Aut(P4). By definition
of ωi’s and ε, we have
ω1 = s1, ω2 = s2φ13, ω3 = s3, ω4 = w4φ14φ24, ετ = ψ.
Now rewriting the relations of Aut(P4) in the new generators yields the following
result.
Proposition 3.7. The group Aut(P4) in the generators
{t, s1, s2, s3, w4, ψ, φ13, φ23, φ14, φ24, φ34.}
is defined by the relations:
s1s3 = s3s1,
s1w4 = w4sa1,
s2w4 = w4s2(φ
−1
13 φ
−1
24 φ34)
2,
s1s2s1 = s2s1s2,
s3w4s3 = w4s3w4(φ14φ24φ
−1
34 )
2,
s1s2s3w
2
4s3s2sa1 = (φ
−1
13 φ
2
23)
2,
(s1s2s3w4)
5 = (φ−113 φ23)
3(φ−114 φ
−1
24 φ34)
4,
(ψt)2 = ψ−1t−1ψt = ψ2 = t2 = 1,
ψsk = skψ for k = 1, 2, 3,
ψw4 = w4ψ,
(ψφij)
2 = 1 for all {i, j} ,
tφijt = φ
−1
ij ψ
−2 for all {i, j} ,
φijφpq = φpqφij for all {i, j} , {p, q} ,
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(ts1)
2 = ψ−2,
(ts2)
2 = φ−213 ,
(ts3)
2 = ψ−2,
(tw4)
2 = ψ2,
s1
−1φ13s1 = φ23,
s1
−1φ23s1 = φ13,
s1
−1φ14s1 = φ24,
s1
−1φ24s1 = φ14,
s1
−1φ34s1 = φ34,
s2
−1φ13s2 = φ
−1
13 ,
s2
−1φ23s2 = φ
−1
13 φ23,
s2
−1φ14s2 = φ
−1
13 φ14,
s2
−1φ24s2 = φ
−1
13 φ34,
s2
−1φ34s2 = φ
−1
13 φ24,
s3
−1φ13s3 = φ14,
s3
−1φ23s3 = φ24,
s3
−1φ14s3 = φ13,
s3
−1φ24s3 = φ23,
s3
−1φ34s3 = φ34,
w4
−1φ13w4 = φ13φ24φ
−1
34 ,
w4
−1φ23w4 = φ23φ14φ
−1
34 ,
w4
−1φ14w4 = φ24,
w4
−1φ24w4 = φ14,
w4
−1φ34w4 = φ14φ24φ
−1
34 .
4. Automorphism group of P3
For n = 3, we have B3 = 〈σ1, σ2 | σ2σ1σ2 = σ1σ2σ1〉. Let A1,2 = σ
2
1, A1,3 =
σ2σ
2
1σ
−1
2 and A2,3 = σ
2
2 . Then
P3 = 〈A1,2, A1,3, A2,3〉 = 〈A1,2A1,3A2,3〉 × 〈A1,3, A2,3〉.
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We set x = A1,3, y = A2,3 and z = A1,2A1,3A2,3. Then P3 = 〈z〉 × 〈x, y〉, where 〈x, y〉
is the free group F2 on two generators.
Lemma 4.1. The action of σ1 and σ2 on x, y, z is given by
(1) zσ1 = zσ2 = z.
(2) xσ1 = xyx−1 and xσ2 = y−1x−1z.
(3) yσ1 = x and yσ2 = y.
Proof. (1) follows trivially since z ∈ Z(B3). For (2), we consider
xσ1 = Aσ11,3
= A2,3[A
−1
1,2, A
−1
1,3]
= [(zy−1x−1)−1, x−1]
= y[xy, x−1] = y[x, x−1]y[y, x−1]
= y[y, x−1]
= xyx−1.
The rest of the identities follow easily. 
Remark 4.2. The preceding lemma also implies that the automorphisms of P3 in-
duced by σ1 and σ2 are, in fact, automorphisms of F2 = 〈x, y〉.
Next, we describe Aut(P3). Consider the following automorphisms of P3
θ :


x 7−→ x
y 7−→ y
z 7−→ z−1,
ξ :


x 7−→ xz
y 7−→ y
z 7−→ z,
η :


x 7−→ x
y 7−→ yz
z 7−→ z,
φ :


x 7−→ xψ
y 7−→ yψ
z 7−→ z,
where ψ is an arbitrary automorphism of F2 = 〈x, y〉.
Proposition 4.3. The group Aut(P3) is generated by the set {θ, ξ, η, φ}.
Proof. It is enough to prove that any automorphism f of P3 can be expressed in
terms of these four automorphisms. Since Z(P3) = 〈z〉, it follows that z
f = z±1.
Further, f induces an automorphism of P3/Z(P3) ∼= F2. Hence x
f ≡ xψ mod Z(P3)
and yf ≡ yψ mod Z(P3) for some ψ ∈ Aut(F2). Define φ : P3 → P3 by
φ :


x 7−→ xψ
y 7−→ yψ
z 7−→ z.
Then the automorphism fφ−1 induce identity on P3/Z(P3). Hence
fφ−1 :


x 7−→ xzα
y 7−→ yzβ
z 7−→ z±1
for some α, β ∈ Z. Hence f = θξαηβφ. This proves the lemma. 
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Let x 7→ p(x, y) and y 7→ q(x, y) be an arbitrary automorphism of F2 = 〈x, y〉.
Lemma 4.4. The group Aut(P3) has following defining relations:
(1) θ2 = 1
(2) ξη = ηξ
(3) θξθ = ξ−1
(4) θηθ = η−1
(5) θφ = φθ for all φ ∈ Aut(F2)
(6) ξφξ−1 = ξ1−logx(p)η− logx(q)φ
(7) ηφη−1 = ξ− logy(p)η1−logy(q)φ.
Proof. (1)-(5) are evident from the definitions of the automorphisms. For (6), consider
xξφξ
−1
= (xz)φξ
−1
=
(
p(x, y)z
)ξ−1
= p(xz−1, y)z
= p(x, y)z1−logx(p)
= xξ
1−logx(p)η− logx(q)φ.
Similarly, for y, we obtain
yξφξ
−1
= yφξ
−1
=
(
q(x, y)
)ξ−1
= q(xz−1, y)
= q(x, y)z1−logx(q)
= yξ
1−logx(p)η− logx(q)φ.
The identity (7) follows analogously. 
Remark 4.5. Conditions (6) and (7) can be rewritten in the following form:
(6)´ φξφ−1 = ξlogx(p)ηlogx(q).
(7)´ φηφ−1 = ξlogy(p)ηlogy(q).
The above relations yield the following lemma.
Lemma 4.6. 〈ξ, η〉 is a normal subgroup of Aut(P3) and Aut(P3)/〈ξ, η〉 ∼= Z2 ×
Aut(F2).
Recall that P3 = Z × F2. In this case, Aut(P3) = Autc(P3) × Aut(F2), where
Autc(P3) = Z
2 ⋊ Z2, generated by ψ, φ1,3, φ2,3 with ψ
2 = 1 and ψφi,jψ = φ
−1
i,j . The
generators are given by
ψ :


A1,2 7→ A1,2z
−2
A1,3 7→ A1,3
A2,3 7→ A2,3,
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φ1,3 :


A1,2 7→ A1,2z
A1,3 7→ A1,3z
−1
A2,3 7→ A2,3
and
φ2,3 :


A1,2 7→ A1,2z
A1,3 7→ A1,3
A2,3 7→ A2,3z
−1.
Note that F2 = P 3 = P3/Z(P3) = P3/〈A1,2A1,3A2,3〉 = 〈A1,3, A2,3〉. The group
Aut(F2) admits the following presentation
Aut(F2) =
〈
ρ, σ, ν | ρ2, σ2, (σρ)4, (ρσρν)2, (νρσ)3, [ν, σνσ]
〉
,
where the automorphisms are given by
ρ :
{
A1,3 7→ A2,3
A2,3 7→ A1,3,
σ :
{
A1,3 7→ A
−1
1,3
A2,3 7→ A2,3
and
ν :
{
A1,3 7→ A1,3A2,3
A2,3 7→ A2,3.
The lifts of these automorphisms to automorphisms of P3 fixing the A1,2A1,3A2,3
are given by setting
ρ(A1,2) = A2,3A1,3A
−1
2,3, σ(A1,2) = A1,2A
2
1,3 and ν(A1,2) = A
−1
2,3A1,2.
Thus, we have proved the following.
Proposition 4.7. The group Aut(P3) is generated by the set {ρ, σ, ν, ψ, φ1,3, φ2,3}.
5. Extension and lifting problem for 1→ Un → Pn → Pn−1 → 1
In this section, we deal the extension and lifting problem for the exact sequence
1→ Un → Pn → Pn−1 → 1.
The cases n = 1, 2 are vacuous. For n = 3, we have P3 ∼= U3 × P2, and hence each
automorphism of U3 and P2 can be extended to an automorphism of P3.
We deal the case n = 4 in the rest of this section. Recall that, by definition,
P4 = 〈A1,2, A1,3, A2,3, A1,4, A2,4, A3,4〉 and P3 = 〈A1,2, A1,3, A2,3〉. Further, U4 =
〈A1,4, A2,4, A3,4〉 is normal in P4 and P4/U4 ∼= P3. The main result of this section is
the following theorem.
Theorem 5.1. There exists an automorphism of P3 which cannot be lifted to an
automorphism of P4.
The theorem will be proved via the following sequence of lemmas.
Lemma 5.2. Let G be a group and φ ∈ Aut(G). For g ∈ G, let CG(g) = {x ∈
G | gx = xg}. Then CG(g
φ) = CG(g)
φ.
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Proof. Let x ∈ CG(g). Then xg = gx implies that x
φgφ = gφxφ. This further implies
xφ ∈ CG(g
φ). Hence CG(g)
φ ⊆ CG(g
φ). The converse is also obvious. 
Lemma 5.3. Let Fn = 〈x1, . . . , xn〉, and φ ∈ Aut(Fn) such that
φ :
{
xi 7−→ xi for 1 ≤ i ≤ n− 1
xn 7−→ w
−1xnw where w ∈ 〈x1, . . . , xn−1〉.
Then Fix(φ) = Fn−1 = 〈x1, . . . , xn−1〉.
Proof. Let g ∈ Fix(φ). Then we can write g = w1x
α1
n · · ·wmx
αm
n wm+1 for some
α1, . . . , αm ∈ Z and w1, . . . , wm, wm+1 ∈ Fn−1. We can assume that wm+1 = 1 and
αm 6= 0. Applying φ gives
w1x
α1
n · · ·wmx
αm
n = g
φ
= w1(x
α1
n )
w · · ·wm(x
αm
n )
w
= w1w
−1xα1n (ww2w
−1) · · · (wwmw
−1)xαmn w.
Note that the elements wwiw
−1 6= 1 and we have equality in the free product Fn =
Fn−1 ⋆ 〈xn〉. This implies that m = 1 and αm = 0. Hence g ∈ Fn−1. 
We also need the well-known conjugation rules in P4. Consider the automorphism
of P3 of the following form
φ :


A1,2 7−→ A1,2A1,3A
−1
2,3A
−1
1,3
A1,3 7−→ A1,3A2,3
A2,3 7−→ A2,3.
Lemma 5.4. Fix(Â1,3) = 〈A1,4A3,4, A1,4A2,4A3,4〉.
Proof. Consider
(A1,4A2,4A3,4)
A1,3 = (A1,4A3,4)A1,4(A1,4A3,4)
−1(A1,4A3,4A
−1
1,4A
−1
3,4)A2,4
(A1,4A3,4A
−1
1,4A
−1
3,4)
−1A1,4A3,4A3,4(A1,4A3,4)
−1
= A1,4A2,4A3,4A1,4A
−1
3,4A
−1
1,4A1,4A3,4A
−1
1,4
= A1,4A2,4A3,4.
Clearly, (A1,4A3,4)
A1,3 = A1,4A3,4. Note that
U4 = 〈A1,4, A2,4, A3,4〉 = 〈A1,4A2,4A3,4, A1,4A3,4, A1,4〉.
In these generators, we have
(A1,4A2,4A3,4)
A1,3 = A1,4A2,4A3,4,
(A1,4A3,4)
A1,3 = A1,4A3,4,
A
A1,3
1,4 = A1,4A3,4A1,4(A1,4A3,4)
−1.
From Lemma 5.3, we obtain Fix(A1,3) = 〈A1,4A3,4, A1,4A2,4A3,4〉. 
Lemma 5.5. Fix(Â1,3A2,3) = 〈A1,4A2,4A3,4〉.
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Proof. First, note that A1,4A2,4A3,4 ∈ Fix(A1,3A2,3). Now, we determine action of
A1,3A2,3 on U4. We have
A
A1,3A2,3
1,4 =
(
(A1,4A3,4)A1,4(A1,4A3,4)
−1
)A2,3
= (A1,4A2,4A3,4A
−1
2,4)A1,4(A1,4A2,4A3,4A
−1
2,4)
−1
= (A1,4A2,4A3,4)A
−1
2,4A1,4A2,4(A1,4A2,4A3,4)
−1
and
A
A1,3A2,3
3,4 = (A1,4A3,4A
−1
1,4)
A2,3
= (A1,4A2,4A3,4)A3,4(A1,4A2,4A3,4)
−1.
Also, we have (A1,4A2,4A3,4)
A1,3A2,3 = A1,4A2,4A3,4. If we set x = A1,4A2,4A3,4,
y = A3,4 and z = A1,4, then
xA1,3A2,3 = x,
yA1,3A2,3 = xyx−1,
zA1,3A2,3 = (xyz−1)z(xyz−1)−1 = (xy)z(xy)−1.
Let w ∈ Fix(A1,3A2,3). Then w = w1z
α1w2z
α2 · · ·wmz
αmwm+1, where w1, w2, . . . , wm+1 ∈
〈y, x〉. Now
w = wA1,3A2,3
= (xw1x
−1)(xyz−1)zα1(xyz−1)−1 · · · (xyz−1)zαm(xyz−1)−1xwmx
−1
= wx1 (xy)z
α1(xy)−1 · · · (xy)zαm(xy)−1wxm
= (wx1xy)z
α1
(
(xy)−1wx2 (xy)
)
· · ·
(
(xy)−1wxm−1(xy)
)
zαm
(
(xy)−1wxm
)
.
This implies (xy)−1wxm = wm+1, which is a contradiction if αm 6= 0. Hence α1 =
· · · = αm = 0 and w = x
α1yβ1 · · · xαnyβn . Now, by Lemma 5.3, w = xα for some α.
This completes the proof of the lemma. 
Proof of Theorem 5.1. If we lift the automorphism φ to P4, then Fix(Â1,3) ∼=
F2 and Fix(Â1,3A2,3) ∼= Z, which is a contradiction. Hence φ cannot be lifted to P4.

In the reverse direction, we have the following.
Theorem 5.6. There exists an automorphism of U4 which cannot be extended to an
automorphism of P4.
Proof. Consider the automorphism of U4 of the following form
φ :


A1,4 7−→ A1,4A2,4
A2,4 7−→ A2,4
A3,4 7−→ A3,4.
Suppose that we can extend φ to an automorphism of P4. Then φ induces an au-
tomorphism of P3. Recall that Z(P3) = 〈A1,2A1,3A2,3〉. Then (A1,2A1,3A2,3)
φ =
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(A1,2A1,3A2,3)
±1. Also, A1,2A1,3A2,3 acts on U4 by conjugating A1,4A2,4A3,4. Hence
(A1,4A2,4A3,4)
A1,2A1,3A2,3 = A1,4A2,4A3,4. Applying φ, we get(
(A1,4A2,4A3,4)
φ
)(A1,2A1,3A2,3)φ = (A1,4A2,4A3,4)φ.
This further implies (A1,4A
2
2,4A3,4)
(A1,4A2,4A3,4)±1 = A1,4A
2
2,4A3,4, which is a contra-
diction. Hence φ cannot be extended to an automorphism of P4. 
Question 3. What can we say about the lifting and extension problem for the exact
sequence
1→ Un → Pn → Pn−1 → 1
for n ≥ 5.
6. Extension and lifting problem for 1→ Pn → Bn → Sn → 1
In this section, we investigate the extension and lifting problem for the well-known
short exact sequence
1→ Pn → Bn
π
→ Sn → 1.
The following is a straightforward observation.
Lemma 6.1. Let 1 → K → G → H → 1 be a short exact sequence of groups. Then
every φ ∈ Inn(H) has a lift in Aut(G) and every ψ ∈ Inn(K) has an extension in
Aut(G).
We now prove the following.
Proposition 6.2. If n 6= 6, then any automorphism φ ∈ Aut(Sn) can be lifted to an
automorphism of Bn. Further, the non-inner automorphism of S6 cannot be lifted to
an automorphism of B6.
Proof. We know that if n 6= 2 or 6, then Aut(Sn) = Inn(Sn), and hence the result
follows from Lemma 6.1. For n = 2, we have B2 = 〈σ1〉, P2 = 〈σ
2
1〉 and S2 = Z2.
Note that Aut(S2) = 1, and the identity automorphism is obviously liftable to B2.
On the other hand, Aut(P2) = Z2, say, generated by ψ. Then ψ(σ
2
1) = σ
−2
1 . Define
ψ◦ : B2 → B2 by ψ
◦(σ1) = σ
−1
1 . Then ψ
◦ is an extension of ψ.
Finally, let n = 6 and φ ∈ Aut(S6) \ Inn(S6). Since Aut(S6) = Inn(S6) ⋊ Z2, we
have φ2 = 1. If φ˜ is a lift of φ, then φ˜ = gˆ for some g ∈ B6 or φ˜ = gˆτ , where
τ(σi) = σ
−1
i . Here gˆ is the inner automorphism of B6 induced by g. If φ˜ = gˆ, then
applying on the generators yield
sφi = (σ
π
i )
φ =
(
σφ˜i
)π
= (gπ)−1sig
π
for all 1 ≤ i ≤ n− 1. This implies that φ = ĝπ, a contradiction.
Now suppose that φ˜ = gˆτ . Then
sφi = (σ
π
i )
φ =
(
σφ˜i
)π
=
(
τ(g)−1σ−1i τ(g)
)π
= (τ(g)π)−1siτ(g)
π
for all 1 ≤ i ≤ n−1. This implies that φ = τ̂(g)π, which is again a contradiction. 
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Recall that Pn ∼= Z(Pn)×Pn/Z(Pn), where Z(Pn) = 〈zn〉 is infinite cyclic. Further,
the group of central automorphisms of Pn is given by
Autc(Pn) ∼= tv
◦(Pn)⋊ Z2,
where tv◦(Pn) = Z
N with N =
(
n
2
)
− 1 and Z2 = 〈θ0〉. Here z
θ0
n = z
−1
n and it acts
trivially on Pn/Z(Pn).
Proposition 6.3. No non-trivial element of tv◦(Pn) can be extended to an automor-
phism of Bn.
Proof. First observe that
Aut(Bn)/ Inn(Pn) ∼= 〈Inn(Bn), τ〉/ Inn(Pn) ∼= 〈Sn, τ〉
is a finite group. Let φ◦ ∈ tv◦(Pn) be extendable to an automorphism φ of Bn.
Then there exists an integer m such that φm ∈ Inn(Pn), and hence φ
m|Pn = φ
◦m|Pn .
This implies φm ∈ tv◦(Pn) ∩ Inn(Pn) = {1}, and hence φ
◦m = 1. But the group
tv◦(Pn) is free abelian, and hence does not have any non-trivial element of finite
order. Therefore φ◦ = 1. 
Lemma 6.4. Let τ ∈ Aut(Bn) be the automorphism given by τ(σi) = σ
−1
i for 1 ≤
i ≤ n− 1. Then zτn = z
−1
n .
Proof. Recall that zn = (σ1 · · · σn−1)
n. Thus zτn = (σ
−1
1 · · · σ
−1
n−1)
n. Since Z(Bn) =
〈zn〉 ∼= Z, we have z
τ
n = z
±1
n . Note that Bn/B
′
n is infinite cyclic generated by σ1B
′
n.
If zτn = zn, then reading this equation modulo B
′
n gives σ
(n−1)n
1 ≡ σ
−(n−1)n
1 mod B
′
n.
Equivalently, σ
2(n−1)n
1 ≡ 1 mod B
′
n, which is a contradiction as Bn/B
′
n has no ele-
ment of finite order. Hence zτn = z
−1
n . 
Proposition 6.5. θ0 cannot be extended to an automorphism of Bn.
Proof. Suppose that θ ∈ Aut(Bn) is an extension of θ0. Then z
θ
n = z
θ0
n = z
−1
n . Recall
that Aut(Bn) ∼= Inn(Bn) ⋊ 〈τ〉. Since for each ψ ∈ Inn(Bn), we have z
ψ
n = zn, it
follows that θ = τψ for some ψ ∈ Inn(Bn). It follows from the relations in Bn that
ψ ∈ Inn(Bn) induces a permutation of Pn/P
′
n. On the other hand, τ induces inversion
in Pn/P
′
n, more precisely, A
τ
i,j ≡ A
−1
i,j mod P
′
n for all i < j. We can assume that
Pn/Z(Pn) = 〈A1,3, A2,3, A1,4, A2,4, A3,4, . . . , A1,n, A2,n, . . . , An−1,n〉.
Then we have
A1,3 = A
θ
1,3 = A
τψ
1,3 ≡ (A
−1
1,3)
ψ ≡ A−1i,j mod P
′
n,
for some 1 ≤ i < j ≤ n, which is a contradiction. This proves the proposition. 
Finally, we prove the main result of this section.
Theorem 6.6. No non-trivial element of Autc(Pn) can be extended to an automor-
phism of Bn.
Proof. Let φ = ατ ǫ ∈ Autc(Pn), where α ∈ tv
◦(Pn) and ǫ = 0, 1. In view of Proposi-
tions 6.3 and 6.5, we can assume that α 6= 1 and ǫ = 1. Note that φ2 = (ατ)2 = α2 6= 1
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since tv◦(Pn) is free abelian. By Proposition 6.3, α
2 cannot be extended to an auto-
morphism of Bn. Therefore φ
2, and hence φ cannot be extended to an automorphism
of Bn. 
The following question remains.
Question 4. Which non-central automorphisms of Pn can be extended to automor-
phisms of Bn?
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